We consider the C * -algebras O q 2 and A q 2 generated, respectively, by isometries s 1 , s 2 satisfying the relation s * 1 s 2 = qs 2 s * 1 with |q| < 1 (the deformed Cuntz relation), and by isometries s 1 , s 2 satisfying the relation s 2 s 1 = qs 1 s 2 with |q| = 1. We show that O q 2 is isomorphic to the Cuntz-Toeplitz C * -algebra O 0 2 for any |q| < 1. We further prove that A q 1 2 ≃ A q 2 2 if and only if either q 1 = q 2 or q 1 = q 2 . In the second part of our paper, we discuss the complexity of the representation theory of A q 2 . We show that A q 2 is * -wild for any q in the circle |q| = 1, and hence that A q 2 is not nuclear for any q in the circle.
Introduction
The general question of deformations of algebras has received considerable attention in mathematical physics, and in operator algebra theory. The motivation derives from commutation relations of quantum mechanics, see e.g., [11] , and two distinct cases have received special attention. The first case (a) is that of algebras built on rotation models, often called rotation algebras; see [13] . The algebras are generated by a finite set of unitaries, and a multiplicative commutation relation. These generalized rotation algebras are C * -algebras, and they are labeled by a rotation number, or a rotation matrix, in any case labels depending on continuous parameters. Typically, different parameters yield non-isomorphic C * -algebras. For example, different irrational rotation numbers yield non-isomorphic simple C * -algebras. The second case (b) is that of the additive version of the classical quantum commutation relations. This case invites similar deformation questions, but the answers stand in sharp contrast: in case (a) we have distinct isomorphism classes, while in case (b) we have isomorphic C * -algebras for the parameter q in an open set. In [5] and [6] the authors showed that the Cuntz algebras, see [2] , fit this picture, and that the cases of the canonical commutation relations (CCR) and the canonical anticommutation relations (CAR) arise from this viewpoint as limiting cases. It is shown in [5] that for each n there is a parameter interval J, independent of n, containing 0 but smaller than −1 < q < 1, for which a family of C * -algebras E q can be constructed from n generators, so that for q = 0 E q is O 0 n , the Cuntz-Toeplitz algebra, and the family {E q | q ∈ J} represents only one isomorphism class. The limiting cases q = −1 and q = 1 correspond to algebras of the CCRs and the CARs, and the question was raised in [5] whether the C * -algebras E q are in fact isomorphic for all q in the "natural" interval, −1 < q < 1. This has since become a conjecture of some standing, see, e.g., [9] , and we resolve it here in the affirmative, in the case n = 2.
In this paper we study the corresponding problem for the algebras generated by q-commuting isometries. It was shown in [12] that the C * -algebras generated by the generalized quonic relations, see [9] , can be generated by isometries satisfying relations of the form
We consider here the situation with |q| < 1 which is also the deformation of the Cuntz-Toeplitz algebra. Let us denote the C * -algebras generated by isometries satisfying (1) by O q n . Then using the general methods developed in [5] one can find some 0 < ε < 1 such that for any |q| < ε one has O q n ≃ O 0 n . And again one has the question whether the isomorphism exists for any q with |q| < 1.
In this paper we show that this is the case for n = 2. The methods which we use are different from the general case of n > 2, and in any case are of independent interest. The algebras O q 2 have natural Fock representations, acting on an infinite "particle" Hilbert space, constructed by use of the Fock tensor functor. An important issue, which we resolve, is the faithfulness of the Fock representation.
In Section 1, we study the C * -algebra O q 2 generated by isometries s 1 , s 2 satisfying the deformed Cuntz relation s * 1 s 2 = qs 2 s * 1 , |q| < 1. Indeed, for q = 0, we get the Cuntz-Toeplitz C * -algebra O 0 2 , see [2] , generated by isometries t 1 , t 2 satisfying the relation of orthogonality t The situation with |q| = 1 is quite different, see [7, 12, 8] . Almost all O q 2 with |q| = 1 are non-isomorphic. To be more precise, O
2 if and only if the corresponding non-commutative tori A q j , j = 1, 2, are isomorphic. Recall that the non-commutative torus A q , |q| = 1, is the C * -algebra generated by a pair of unitaries u 1 , u 2 satisfying the relation
see, for example, [13] . Put q j = e 2iπθ j , θ j ∈ R, j = 1, 2; then A q 1 ≃ A q 2 if and only if θ 2 = ±θ 1 (mod Z).
It is easy to see that the relation s * 1 s 2 = qs 2 s * 1 , |q| = 1, implies the relation s 2 s 1 = qs 1 s 2 . Indeed, for a = s 2 s 1 − qs 1 s 2 one has a * a = 0. However, the converse is not true. In particular, O q 2 is nuclear for any q, |q| = 1, but one of the results of Section 2 implies that the C * -algebra generated by isometries s 1 , s 2 satisfying s 2 s 1 = qs 1 s 2 is not nuclear.
In Section 2, we consider the C * -algebra A q 2 generated by isometries s 1 , s 2 satisfying the relation
The relation s 2 s 1 = qs 1 s 2 implies that |q| = 1. Indeed, let the isometries be realized on a Hilbert space H: then for any non-zero x ∈ H one has
It is proved, see Sec. 
is the group C * -algebra of the free group with two generators. The classification of irreducible representations of C * (F 2 ), or equivalently the description of all irreducible pairs of unitary operators, is the standard " * -wild" problem; see [11] for a detailed discussion of the complexity of the representation theory of C * -algebras. The properties of pairs of commuting proper isometries were originally studied in [1] , where a construction demonstrating the * -wildness of the C * -algebra A 1 2 was presented. Note that the construction which we use to prove that A q 2 is * -wild is not a generalization of the one presented in [1] .
In this part we show that for any q, |q| < 1, there is an isomorphism O q 2 ≃ O 0 2 , i.e., isomorphism of C * -algebras. It is a special case of the hypothesis of P.E.T. Jørgensen, L.M. Schmitt and R.F. Werner presented in [5, 6] . Namely, it was shown that the C * -algebras defined by generators a i , a *
for sufficiently small absolute values of the coefficients, are isomorphic to the Cuntz-Toeplitz C * -algebra O d , see [2] , generated by isometries
To be more precise, the norm bound T < √ 2−1 gives a sufficient condition for this isomorphism. Here T is the self-adjoint operator acting on H ⊗2 , H = e 1 , . . . , e d , defined by the action on the basis as follows:
It was conjectured in [6] that the result is correct for T < 1; see also [3] .
Below we prove that, for all q in the open interval −1 < q < 1, the C * -algebra O q 2 can be generated by generators of O 0 2 , and vice versa. Remark 1. All of the arguments presented below carry over to the case of any q in the complex disk |q| < 1.
We prove our result by several lemmas. Lemma 1. Let s 1 , s 2 be isometries satisfying the relation s * 1 s 2 = qs 2 s * 1 with −1 < q < 1. Construct the elements
Then t * i t i = 1, i = 1, 2, and t * 1 t 2 = 0.
Proof. The relation t * 1 t 2 = 0 follows from the relation s *
where we used the relation s *
In the following lemma we present the converse construction.
Lemma 2. Let t 1 , t 2 be isometries satisfying t * 1 t 2 = 0. Construct the operators
Proof. Evidently for −1 < q < 1 the series converges with respect to norm. Let us show that s * 1 s 2 = qs 2 s * 1 . We will use the obvious relation t * 1 t 2 = 0.
To show that s * 2 s 2 = 1 we note firstly that
In the following lemma we show that starting from generators of O q 2 and applying consecutively the constructions presented in Lemmas 1 and 2, we get the starting elements.
Proof.
In fact we have proved our result. 
Proof. The isomorphism
It follows from Lemma 3 that the inverse homomorphism is given by the formulas ψ(s 1 ) = t 1 , ψ(s 2 ) = s 2 (t 1 , t 2 ).
Representations of O q 2
In this part we recall the notion of the Fock representation of our q-relations and construct a special class of representations of O q 2 which includes the Fock one. Using these special representations we discuss informally the results of Sec. 1.1.
Recall that the Fock representation of O Proof. It is known that the Fock representation of the Cuntz-Toeplitz algebra is faithful. This follows from the fact that any irreducible representation of the Cuntz-Toeplitz algebra is either the Fock representation or a representation of the Cuntz algebra (see [2] ). Hence we have to show that the Fock representation of O * Ω = 0.
To clarify the nature of the constructions presented in Sec. 1.1, we consider a special class of representations of O q 2 . Put s 1 to be a multiple of the unilateral shift, i.e., suppose that the representation space is l 2 (N) ⊗ K and that
Then it is easy to see that the relation s * 1 s 2 = qs 2 s * 1 implies that s 2 has the matrix form
where the elements u i , i ∈ N, are generators of the Cuntz algebra O ∞ , i.e., satisfy the relations
Analogously, for generators of O 0 2 we have
where the elements u i , i ∈ N, satisfy the same relations as in the q-deformed case. Then the constructions presented above are just the elementary matrix transformations reducing the matrix of the form (2) to the matrix of the form (3) and vice versa. Note that the presented motivations cannot be treated as the correct proof of Theorem 1 since a priori it is not known whether or not the constructed representation of O q 2 is faithful. In fact, the construction (3) determines the functor 2 The C * -algebra A q 2
Description of the isomorphism classes
In this part we show that A Proof. Recall that by A q we denote the non-commutative torus corresponding to q. Let M be the closed two-sided ideal generated by the projections 1 − s j s * j , j = 1, 2. Then one has the canonical homomorphism
Since A q with irrational θ is simple, see [13] , M is the largest ideal in A q 2 . Put τ = τ • ϕ, where τ is the unique normalized tracial state on A q , see [13] .
is the two-sided closed ideal and
Let σ be a normalized tracial state on A q 2 ; then as above,
and in particular σ(a) = 0 for any a ∈ M. Then one can define the tracial state σ on A q by the rule σ(b) = σ(a), ϕ(a) = b. Evidently σ = σ • ϕ. By the uniqueness of the trace on A q , one has τ = σ and σ = τ .
As a corollary, we have the isomorphism of A q j 2 with irrational θ j , j = 1, 2.
2 if and only if θ 1 = ±θ 2 (mod Z). Proof. We prove that the isomorphism A
The converse implication is trivial.
Let
2 be an isomorphism and τ j , j = 1, 2, be normalized traces on A q j 2 , j = 1, 2. Denote by M j ⊂ A q j 2 , j = 1, 2, the largest ideals introduced in the proposition above.
Consider the normalized tracial state τ 1 = τ 2 • ψ. Then τ 1 = τ 1 , and for any a ∈ M 1 one has
Denote by φ 2 the canonical homomorphism
Let us now consider rational θ j , j = 1, 2.
2 if and only if θ 1 = ±θ 2 (mod Z).
Proof. As in the irrational case, we prove that the existence of an isomorphism
implies isomorphism of A q 1 and A q 2 . Let M j ⊂ A q j 2 , j = 1, 2, be the ideals generated by the projections 1 − s i s *
2 → A q 2 and the composite homomorphism
Since any irreducible representation of A q with rational θ is finite-dimensional, A q does not contain any non-unitary isometry. Hence ϕ 2 •ψ(1−s i s * i ) = 0 and
As in the proof of the previous proposition, one has A q 1 ≃ A q 2 . It remains only to recall that the rational tori A q j , j = 1, 2, are isomorphic if and only if θ 1 = ±θ 2 (mod Z).
The
In this part we discuss the complexity of the representation theory of A q 2 . To compare C * -algebras according to the complexity of their categories of representations, we use the relation of majorization. Note that we modify the definition of majorization given in [11] to make it less restrictive.
Recall that the category of representations of a certain C * -algebra A, denoted by Rep A, has the representations of A as its objects and the intertwining operators as its morphisms. Definition 1. We say that a C * -algebra A is majorized by a C * -algebra B, A ≺ B, if there exist a homomorphism
where C is a nuclear C * -algebra, and an irreducible representation
such that the functor
is full and faithful.
Informally, this definition means that using ϕ one can construct the representations of B from the representations of A and the representations of B are irreducible (unitarily equivalent) if and only if the corresponding representations of A are irreducible (unitarily equivalent).
It is easy to see that majorization is a partial order.
Definition 2. We say that a C * -algebra A is * -wild if
where C * (F 2 ) is the group C * -algebra of the free group with two generators.
The group C * -algebra C * (F 2 ) is considered as the standard * -wild algebra, since it can be shown that the problem of the classification of the representations of C * (F 2 ) contains as a sub-problem the classification of the representations of any finitely generated C * -algebra, in particular C * (F n ) ≺ C * (F 2 ); see [11] . Obviously a C * -algebra majorizing a * -wild C * -algebra is * -wild. The * -wild C * -algebras have a very complicated category of representations: in particular, it was noted in [11] that * -wild algebras are not nuclear. Since our definition of majorization generalizes the one considered in [11] , we present below the proof of this statement.
Proof. It is sufficient to show that A has a representation generating a nonhyperfinite factor, since any factor-representation of a nuclear C * -algebra is hyperfinite, by a theorem of Alain Connes. Since C * (F 2 ) ≺ A, one has the homomorphism ϕ :
where C is a nuclear C * -algebra, and the irreducible representation
as in Definition 1. Consider a representation π of C * (F 2 ) generating a non-hyperfinite factor. Put (π ⊗ π) • ϕ := π 1 and note that
is a non-hyperfinite factor also. We use a prime here to denote the commutant (and double primes for the double commutant). Since the functor
defined in Definition 1 is full and faithful, one has
′′ is a non-hyperfinite factor.
To prove that A q 2 is * -wild, we need an auxiliary proposition. Note that below we denote by O 2 the Cuntz algebra, i.e., we suppose that the generators of O 0 2 satisfy the additional relation t 1 t * 1 + t 2 t * 2 = 1. In the following for any C * -algebras A i , i = 1, 2, we denote by A 1 ⋆ A 2 their free product, see [14] .
Proof. It was shown in [10] that the C * -algebra
is * -wild. Then to prove our statement it is sufficient to show that
In the following we denote by c the standard generator of C([0, 1]), c(x) = x, for any x ∈ [0, 1], and denote by c 1 , c 2 the standard free generators of
. Then the needed majorization is given by the homomorphism
and some irreducible representation π : O 2 → B(H).
To prove that the induced functor 
Then we define the images of the generators of A q 2 as follows:
To verify that ϕ(s * i s i ) = 1 and ϕ(s 2 s 1 ) = qϕ(s 1 s 2 ), one has only to use the relations (4).
Finally we fix the irreducible representation π of B acting on K = l 2 (N) by π(s) = S, π(u) = D(q),
where Se n = e n+1 , D(q)e n = q n−1 e n , n ∈ N.
Then the induced functor
